Let H be a real Hilbert space and f(x,X) be a C' operator mapping a small neighborhood U of (x0,X0) E (H X BR) into itself. We investigate the solutions of the equation f(x,X) = 0 near a solution (xo,Xo), assuming that f(x,X) is a gradient mapping and 0 < dim Kerfz(xo,Xo) < c.
Bifurcation theory is concerned with the structure of the solutions of an operator equation f(x,X) = 0 near a solution (xoXo) at which the (Frechet) derivative of f with respect to x, f_(xo,Xo), has a nontrivial kernel. In a fundamental paper [1] published in 1885, H. Poincar6 initiated the mathematical study of this subject in connection with his study of the equilibrium configurations of a rotating homogeneous fluid mass. In recent years, attention has been drawn again to this theory because of its fundamental importance in such basic problems as the onset of turbulence, and the discovery of periodic motions of nonlinear Hamiltonian systems. In this note, I illustrate the basic importance of the critical point theory of Morse [2, 3] for a real function of a finite number of real variables, in bifurcation theory.
Previous results [4, 5] distinct from the curve [x(e),X(e)] in every neighborhood of (xo,Xo). The Implicit Function Theorem clearly implies that a necessary condition for (xo,Xo) to be a point of bifurcation is that the Frechet derivative f_(xo,Xo) not be invertible. However the converse problem, of determining the precise circumstances under which this condition is sufficient, is unanswered. Indeed this converse problem is well known to depend (in general) on the qualitative nature of the higher-order terms in the Taylor expansion of f(x,X) about (xoXo). In order to show clearly how this problem can be resolved by critical 1737 point theory, we suppose that X is a Hilbert space and that after translating xo to the origin and a change of variables by a linear homeomorphism, the equation f(x,X) = 0 can be written in the form f(x,X)-(I -XL)x + T(x,X) = 0 (1) for (x,X) near (0,Xo). Here, I denotes the identity map and (I -XoL) is a bounded linear Fredholm operator of index zero of X X, while T is a C2 mapping of a neighborhood U of There are two basic ideas needed in the proof. The first is the observation that the solutions of Eq. (1) In fact, it is easily shown that these equations can be written in the form h(u,X) = (
for u G Ker(I -XoL), where P is the canonical projection of X -> Ker(I -XoL), and g(u,X) is a C2 function mapping
Ker(I -XoL) X RI into Range(I -XoL). Furthermore, under the hypothesis of the theorem, h(u,X) is the Frechet derivative of the real-valued functional generality that X0 > 0, so that by the hypotheses of the theorem,L is self-adjoint and (Lu,u) > 0 for u E Ker(I -XoL). Suppose (O,Xo) is not a point of bifurcation of f(x,X) = 0. Then there is a small neighborhood U1 X (Xo + 6,Xo -5) of (0,Xo) in X X R1 that contains no solutions of f(x,X) = 0 other than (0,X). Consequently, for fixed X near Xo, (0,X) is an isolated critical point of H(u,X) in a sufficiently small sphere S. of radius e contained in U1 n Ker(I -XoL). Furthermore, in S, -I0}, the vector fields h(u,X) do not vanish and the critical points (O,X) for fixed X in a deleted neighborhood of Xo are nondegenerate. This fact is immediate from the growth assumption on T(x,X) and the fact that (O,Xo) is assumed not to be a point of bifurcation. On the other hand for X = X0, h(uXo) = 0 in U1 n Ker(I -XoL) at u = 0, which is an isolated degenerate critical point for H(uXo) Consequently, system (5) has the desired types of periodic solutions, since these coincide with the generalized 2,w-periodic solutions of (7) near q = 0. Remark: Theorem (B) represents an important extension of a well known result of Liapunov to the "resonance" case. Its implications in celestial mechanics will be discussed elsewhere.
